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On a Class of Solutions of Nonlinear Boltzmann Equations

Dipankar Ray?-2

Received August 1, 1978

In a recent paper by Krook and Wu, the nonlinear Boltzmann equation for
an infinite, spatially homogeneous, isotropic monoatomic gas of constant
density and kinetic energy and with an elastic differential cross section that
varies inversely as relative speed has been reduced to an infinite sequence of
moment equations. The present note observes that the moment equations
are successively integrable and shows that as time goes to infinity, the
distribution tends to be Maxwellian.
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1. INTRODUCTION

The state of the gas at time ¢ is described by a distribution function #nf(v, ¢),
where # is the constant number density, v is a velocity variable, and v = |v|.
Conservation of mass and energy imply that

f fo, 1) d% = 1, f V3o, 1) d% = 3kTm = 38° (1)

where T is the constant kinetic temperature, m is the molecular mass, and «
is Boltzmann’s constant.
The differential cross section for elastic scattering is taken as

o(g, x) = Klg @)

where K is a constant, g is the relative speed, and y is the scattering angle in
the center-of-mass system.
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Then the nonlinear Boltzmann equation is equivalent to the following
sequence of moment equations®:

k
‘—ng—k + M, = FL@HZO MM, ., k=012, 3)
where
M,c=———‘/—’—7—-fu2kf(v Dd,  k=0,1,2 @)
IeRRICEE N b e
M, is called the kth moment and
7 = 4ankt 5
Using (4), one can replace (1) by
Moy =1, M) =1 ©)
If, as » — o0, the distribution tends to be Maxwellian, then we must have
My () =1 for £=0,1,2,. @)

For given (6), Krook and Wu‘® have obtained some particular solutions of
(3), satisfying the “boundary conditions” (7). From these solutions of (3),
the distribution function f(v, 7) has been obtained by inverting (4). However,
in the present note we shall see that the complete set of solutions of (3) that
satisfy (6) can be obtained by successive integration and that Eqs. (7) follow
from (3) and (6) and need not be postulated as “‘boundary conditions.”

2. SOLUTIONS OF THE MOMENT EQUATIONS
Equations (3) can be explicitly written as
dM,ldr + My, = M,?
dM,jdr + My = MM,
dM,ldr + M, = $2M M, + M,?) (8)
dMs[dr + Mg = 3(Mo M3 + M, M,)
AM,jdr + M, = t2M M, + 2M M, + M,?)

and so on.
We note that the first two equations of (8) are automatically satisfied by
(6). All other moment equations can be written as

aM, 1
—(i—T’g + M}C = m(zMoMk + 2M1Mk-1 + 2M2Mk_.2
+ e+ 2M(k—1)/2M(k+1)/2 When k iS Odd and ?2
€)
% + Mk = —'l_(zMoMk + ZMle_l + zMsz._z
dr k+1

+ oot ZM oy -1 Moy 21 + ME) when k is even and =2
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Using (6), one can rewrite (9) as

i, k-1 1
Z trriMeTrT

when k is odd and >2

M, k-1, _ 1 (16
T T Me T g OMees + MMy

+ et 2M(k]2)_1M(k/2)+1 + M}%/z)) When k iS cven
and >2

1 QRMy 1 + 2M My g + -+ 2My_150M e 1 1y12)

Equations (10) have the following solution:

e~ W~/ + DIt

Mk = Ake—[(k—l)/(k+1)]t + fe[(k—l)/(k+l)]l(2Mk_l + 2]‘421‘1;‘:__2

k+1
4o+ 2My_12Myer1yz) dr when k is odd and >2 (an
e*[(k«-l)/(k&-l)lr
M}c — Ake—[(k-—l)/(k+1)]1 + k T 1 fe[(k—l)/(k+1)]1(2Mk_1 + 21\12]‘[}{:_'2

oo+ 2M oy - 1M aya 1 + M) dr wh¢n kis even and >2
where 4, (k = 2, 3, 4, 5,...) are constants.

We note that for any & > 2, M, can be determined from (11) if all of
M,_ ., M,_g,... are known. Thus M, can be determined since M, and M, are
given by (6). Similarly, M, can be determined from M, M., and M,, and so
on. The constants of integration A4, can be determined if M(0),k =0, 1, 2, 3,
are known.

The first few moments can be written as

MQ = 1, M]_ = 1, M2 = 1 + Age—-”s, M3 = 1 -+ 3A2€~t/3 + Age_tlz
My =1+ 64,e™ "% + 445e772 — 24,% %3 + ™55 (12)
From Egs. (12), we note that all of the first five moments are of the

form

My =1+ Yk(k — DAze™" + 3k(k — 1)(k — 2)dse™"2 + > B e~ % (13)

where A;, A;, B,., a,, are constants and a,, > +. We shall show that in fact
all the moments are of the form (13). The proof is by mathematical induction.

Letthe M, fork = 1,1 — 1,1 — 2,... be of the form (13). We shall show
that M., is also of the form (13). From (11) we get

e~ T/l +2)

M = Ay eV NEWE "B dr (14)
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where
I = 2Ml -+ 2M2M1_1 + 2M3Ml_2 + -+ 2Ml/2M(1/2)+1, leven
= 2Ml + 2M2M[~_1 + 2M3M¢_2 + eee + 2M(l—-1)/2M(l+3)/2 (15)

+ M@t 1y2, !l odd
If M, M,_,, M,_,,... are of the form (13), then it is easy to see from (15) that

I is of the form
el = r(r = 1) e = D = 2)
=1+ 24,e B(é —2—-) + 24qe 12(23 ————6———)

+ Z DHl,re‘“xu,r’ (16)
T

where Ay, A, Dyy1,, G141, are constants and g, , > 4. From (14) and (16)
one can easily see that M, is of the form (13).

Thus M, is of the form (13) if M,, M,_,, M,_,,... are of the form (13)
and we have already seen that M,, M,, M,, M;, and M, are of the form
(13). Thus the M, for k = 0, 1, 2, 3,... are all of the form (13).

3. CONCLUSION

Thus, although we have not been able to give all the moments explicitly,
we have a set of equations [Egs. (6) and (11)] from which all the moments can
be successively determined. We also know that all the moments are of the
form (13), from which we note that as 7 — o0, M,,—1 for k =0, 1, 2,...;
which means that as time goes to infinity the distribution tends to be
Maxwellian.

As pointed out by Krook and Wu,> knowledge of the nature of f(v, )
for large values of v is of utmost importance, because large deviation of
f(v, t) from the Maxwellian distribution for large values of » can significantly
alter the calculated values of certain gas reaction rates. The moments calcu-
lated in the present work can be used to put an upper limit on the number of
particles that exceed any given velocity. To this end, from Tchebycheff’s
theorem,® we get for any vy > 0,°

P@* > v¥) < E@*)vd"), r=1,2,3,.. 1))
where P(x > «) = Probability of x > «,

E(gtv, 1) = f gy, D, 1) do

From (4) and (I) and noting that P(v > vy) = P(v* > v3"), we get
2026 T(r + M,
Vz vdr ’

3 Roman numerals are used to denote inequalities.

P(v > vy) <

r=1,2,3,. amn
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The inequality (I1) for each value of r sets an upper limit on P(v > »,).
Obviously the value of r that gives the least value for the right-hand side of
(IT) also gives the most accurate upper limit for P(v > v,). But since we do
not have explicit expressions for all the moments, we are not in a position to
know which value of r will give the most accurate upper limit, However, we
can take a few values of r to see which one serves our purposes better; e.g.,
r =1 gives

P > vy) < 36%/vy° (1
r = 2 gives
P(v > vo) < (158%[ve*)(1 + Aze™"°) Iv)

For A; < 0 (which is equivalent to saying that M, < 1 at = = Q) and
vo? > 5B then the inequality (IV) gives the more accurate upper limit. On
the other hand, if 4, > 0 and v,? < 582, then it would be better to use (JTI).
Similar inferences can be drawn for other values of r as well, but things will
be increasingly more complicated.
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